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I. Introduction  
 

1. Renewal and modernization of the data editing procedures is one of the key development tasks at 
the Statistical Office of the Republic of Slovenia (SORS). In the spirit of integration of new ideas and 
methods we tested the Bayesian approach to data editing. Specifically, we implemented the imputation 
method based on Bayes’ idea. The theoretical approach was firstly implemented in the editing process of 
the Statistics on Income and Living Conditions (EU-SILC Survey). 
 
2. In the EU-SILC data, used for our research, there are basically two types of data, namely the data 
on individuals and the data on households. We selected the data on gross annual income to test the 
Bayesian approach, therefore our focus in this research is only on the data related to individuals.  It 
became quickly evident that the data on the amount of gross annual income of an individual is related to 
age, number of ordinary hours worked per week and the level of education achieved. More on the EU-
SILC data will be presented below; however, we would like to emphasize that the regression was inserted 
within the imputation method.    
 
3. The theoretical basis of the Bayesian approach for multiple imputation comprising the regression 
will be presented below. The main part of this research will focus on the EU-SILC data, particularly on 
their prior distributions and the Bayesian implementation of imputing annual gross income. In 
conclusion, we will give estimations and comments on the results obtained. 
 

II. Theoretical background 
 
4. The Bayesian approach is based on the equal processing of the parameters of the model ( ) and 
the data analysed (Y). Thus, the parameters  are processed as usual random variables. In this way, the 
parameters are not unknown fixed values, but each parameter has its own probability distribution. The 
uncertainty is hereby introduced in the researched fixed value of the parameters. The Bayes rule is written 
in the special form as follows: 

|
|
|

∝ | . 
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The above-mentioned expression indicates that the posterior distribution of the parameters |  is 
proportional to the product of the sample distribution |  and the prior distribution of the parameters 

. This simple form of the rule encompasses the technical core of the Bayesian’s inference. 
 
5. In the paper we will use the following denotations: Y=(Ymis, Yobs), where Ymis denotes the 
missing data, and Yobs that the data observed are noticed. The Bayesian approach for data imputation is 
based on a joint posterior distribution of the parameters  and the missing data Ymis, which is conditional 
on the observed data and the model assumed: 

, ϑ	|	 , . 
The model represents both the explanatory variables X that are observed and the model of missing values, 
which is ignorable in our case. The model of missing values is ignorable, when the missing data is 
missing at random (MAR), and when the parameters of the missing data mechanism and the parameters 
of the probability model are distinct.  
 
6. In general, the analysis and the inference are divided into two basic problems: 

(a) the inference on parameters of the model: | , | , 	 | ,  , 
(b) the inference on the missing data: | , 	 | , , 	 | , 	 .								 

To avoid calculating integrals, we usually use the simulations  and Ymis from their posterior 
distributions:	 

~	 	| ,    in   ~	 | , , . 
Multiple sequence simulation of the parameters ′ and the missing values Y'mis is called Multiple 
Imputation (MI). 
 
7.          As already mentioned in the introduction, our model also comprises a linear regression. In 
general, the linear regression model can be written as:  	, 	~	 0, . In our model, the 
observational errors are independent from each other and have an equal variance, which can be written in 
a vector form: 
                                                                   | , , 	~	 , .                                                         (1) 
If the above-mentioned data distribution is considered as likelihood, a joint posterior distribution of the 
parameters is obtained:  

(β, σ²) ~ , |	 , ∝ 	 . 
Then, the statistical property of the associated quadratic form is applied: 

(Y-Xβ)T (Y-Xβ) = (Y-X )T (Y-X ) + (β- )T (XT X) (β- ), 
where  = (XT X)-1 XT Y presents the estimation of coefficients, and so one obtains: 

, |	 , ∝
	 	 	 	

 

                        = 		
	
	 	

	 	 	
, 

where s2 = (Y-X )T (Y-X ) and  = n - k (k is the number of regression coefficients). The conditional 
posterior distribution β for a given σ² is therefore:  

| , , ∝ 	 	
	 	 	

, 
namely 

|	 , , 	~	 , X 	X . 

The marginal posterior distribution of σ² is:	 |	 , ∝ 	 		
	
, namely scaled-inverse-Chi-

square distribution with the degree of freedom n-k and the scale parameter s2: 
|	 , 	~	 - - , . 

By knowing β and σ² and having the matrix X with the known values of the explanatory variables, it 
follows from (1) that for each value yi is applied:  

	~	 , , 
where Xi denotes the values of the explanatory variables of the i unit. 
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A. Algorithm 
 
8.         Summary of the above-mentioned theory in the form of algorithm: 

(a) The data Y may have nmis missing values Ymis with the appurtenant explanatory variables noticed 
Xmis. And the fully observed data are denoted by Yobs in Xobs. The data may correspond to the 
model of linear regression: 

⋯ 	 	,				 	~	 0,  
by which the coefficient estimation is calculated from the fully noticed data  

	=(XT
obs Xobs)

-1 XT
obs

 Yobs and the variance estimation s2 = (Yobs - Xobs )T (Yobs - Xobs ) / (nobs - k) 
is calculated. 

(b) For a multiple integration the following procedure is repeated m-times: 

 Draw the variance:  |	 , 	~	 - - , . 

 Draw the coefficients:  |	 , , 	~	 , 	 	 . 

 Draw the missing values:  , 	~	 , 	 , , independently for each missing value 

i = 1, 2, …, nmis . 

 

III. The EU-SILC data and the data on distribution of variables 
  
9. The Survey on Income and Living Conditions (EU-SILC) is a European harmonized survey 
aiming at providing the data on living conditions in which the household members and selected 
individuals live and how they integrate themselves in the society. In Slovenia the EU-SILC survey is 
carried out since 2005 and is based on the sample of approximately 12.500 households. The micro-data 
for the Slovenian EU-SILC survey are gathered from three types of sources. The first part of the data is 
collected by the »classical« survey using CAPI and CATI techniques, the second part come from other 
statistical surveys and the third part from registers and other administrative sources. Among others, all the 
income-related variables (which are usually considered as highly sensitive ones) are gathered from the 
different administrative sources. 
 
10.        Among all of the large number of EU-SILC variables, we selected four of them for our analyses: 

(a) PY010G3 - Gross annual income 
(b) PE040 - Level of education attend 
(c) PL060 - Number of hours usually worked per week 
(d) AGE – Age of person 

 
The distribution of the gross annual income (PY010G) is very asymmetrical in the EU-SILC data. The 
analysis of the data distribution was made according to the education level achieved (PE040). As 
expected, the average gross annual income increases with the higher level of education. 
 
Table 1: Average gross annual income depending on the education level achieved 
Education level achieved 1. 2. 3. 5. 6. 
Average annual gross income 11755 11769 15208 27113 44994 

 
As the data on the level of education achieved are categorical and as it is immediately observed that the 
averages from the table are not quite linearly dependent on the level of education achieved, we 
determined that the problem of imputation will be divided into 5 equal models regarding the level of 
education achieved.  
 

                                                      
3 The denotations of the EU-SILC variables are those used in the EU-SILC user database 
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Table 2: Regression coefficients and variance estimations 

Level of education   
1    1630 184,7   56,3   13144359   186 
2    3541 136,1   67,6   17378584 1120 
3      653 203,1 160,7   42071637 5824 
5 -34460 838,4 684,0 174870491 2551 
6 -13734 813,2 530,8 252862689     58 

 
In the table above, the necessary data are prepared for the first step of the algorithm presented.  
  

IV. Imputed data (Multiple Imputation) 
 
13. The data observed and their relations, namely the model have already been presented. Let us also 
look at the missing values now. By obtaining the data from random deletion, we ensured that the missing 
data correspond to the MAR condition. Due to the random deletion, we cannot talk about the model of 
missing values or about the parameters of the model of missing values. In this way, the data correspond 
to the condition of the divisibility of the parameters of the model of missing values and the parameters of 
the model. Subsequently, we also included in the missing data the outliers from each group according to 
the level of education attained. Even for the outliers deleted, we cannot talk about the model, namely 
about the systematic deletions, because they have been deleted in good faith that the data are incorrect. 
 
14. In Table 3 we present the number and the percentage of missing data in each model according to 
the level of education attained. 
 
Table 3: Number and percentage of missing values regarding the level of education 

 
Regarding the Rubin's formula to evaluate the efficiency of multiple imputations ( 1 / ), where γ 
is the rate of missing information, we decided that we will perform 5 imputations (m = 5). According to 
Rubin’s formula, 5 imputations will help us to achieve circa 98% efficiency. 
 
15. Before proceeding with the data imputation, the variance and the regression coefficients have to 
be drawn first. The following table presents the results of five variance simulations from a Scaled-
inversed-Chi-square distribution with a degree of freedom ( ) and the scaled parameter s2. For the 
model 5th education level, the variance is simulated from: 	 	~	 - - 2548, 174870491 . In 
Table 4 we present all five variance simulations for each of the 5 models. 
 
Table 4: Drawn variances for each of the 5 models 
Level of 
education 

Variance 
estimation 

Degree of 
freedom  

Variance simulation 
1 2 3 4 5 

1   13144359   183   12178302   14805447   13806926   11996047   15276845
2   17378584 1117   16758279   15713300   16924209   17329079   18356509
3   42071637 5821   41731313   41608454   42030133   41720580   41882040
5 174870491 2548 174325908 174479363 182724212 173732080 175110380
6 252862689     55 221289863 351508130 192681684 234971925 214210854

 

Level of 
education 

Number of 
individuals 

Fully observed Missing values 
Percentage of 
missing values 

1   204   186   18 0,088 
2 1262 1120 142 0,113 
3 6559 5824 735 0,112 
5 2876 2551 325 0,113 
6     65     58     7 0,108 
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16. Next, for each model regression coefficients are drawn 5-times from the multi-dimensional 
normal distribution bound to the parameter estimation, the data and the above-mentioned simulated value 
of the variance. Since many data are drawn, let us take a look at the model for the 5th education level. 
 
Table 5: Drawn values of regression coefficients for the 5th education model 

Serial number of 
data drawing 

Variance 
simulation 

Simulated regression coefficients 
   

1 174325908 -34884,4 845,745 683,017 
2 174479363 -36149,0 873,355 684,159 
3 182724212 -32266,9 794,527 679,527 
4 173732080 -33365,8 814,144 681,787 
5 175110380 -38553,9 924,477 684,269 

 
17. All the necessary parameters (the regression coefficients and the variance) for implementing the 
multiple imputation or simulation of each missing value of annual gross income are prepared. Each 
missing value is simulated individually, in particular, one missing value simulation is performed for each 
version of the simulated parameters. The following table (Table 6) presents an example of the gross 
annual income simulation of a person aged 40 working 40 hours per week. 
 
Table 6: Example of simulation of the annual gross income of a person aged 40 with 40 hours worked per 
week 

Education 
level 

No. of 
working hours 

per week 
Age 

Bayesian simulation  
of the gross annual income 

Average 
value of 

simulations   1 2 3 4 5 
5 40 40 37834 30127 7213 8436 26884 22099 

 
V. Analysis of imputed data averages 
 
18. The average gross annual income per person is analysed on the basis of inserting multiple data 
for the tertiary education model. In analysing multiply imputed data the overall assessment of the 
observed quantity is based on the average of estimations of the observed quantity for each individual 
series. Thus, the final estimation of average is equal to the average of the averages within each individual 
imputed data In Table 7 we present the average gross annual income for each series and the final 
estimation of average. 
 
Table 7: Averages for all five series of data drawings of the annual gross income for individuals having 
the 5th education level 

Estimation of average gross annual income for each series Final estimation of average 
gross annual income ( ̅)      

27309 27363 27454 27260 27247 27327  
 
19. The variance estimation is calculated for each estimation of average. Since the data are 
independent and have a normal distribution with equal variance in each version of the imputed data, the  
variance of average is equal to the nth part of the variance of an individual data. The n is the total number 
of the observed and the imputed units. So, the variance estimation for the average in the first series is 
equal to:  238654394/2876 = 82981. The variance of averages is analogously calculated for 
the remaining series: (  84648,  83305,  83548,  81954). The 
final variance estimation consists of two components. The first component is equal to the average of 
variances for the average of individual series: U = (82981+ 84648+ 83305+ 83548+81954)/5=83287. The 
second component is the variance of the average estimations of various versions of the data imputed: 

1/ 1 ∑ ̅  7160. The total variance of average is calculated by using the formula: 
1 91879. Total variances for other model are presented in Table 8.   
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20. A rough 95% confidence interval, ̅ 2√ 27.327  606 namely (26721, 27933) can be 
easily determined out of the final total estimation of averages and the total variance. Analogously, a 95% 
confidence interval was calculated for the average gross annual income for the remaining four models. 
The results are presented in the following table (Table 8).  
 
Table 8: Table of the final estimations on averages with a total variance and a 95% confidence interval 

Model 
(level of education) 

Final estimation 
of average 

Total  variance 
(T) 2√  

Lower and upper limit  
95% confidence interval  

1  11707  70333 530 11177  12237

2  11740  17183 262 11478  12002

3  15189  7270 171 15018  15360

5  27327  91879 606 26721  27933

6  44184  5853066 4839 39345  49023
 

VI. Discussion 
 
21. Through the analysis of multiple data imputation, we can observe that the final estimation of 
averages does not differ much from the actual average of data observed. The relative errors of estimations 
are below 1%. A slightly larger deviation occurs only in model 6, where the deviation is 1.8%. The 
detailed results of all models are presented in Table 9. 
 
Table 9: Relative error occurring between the final estimation of imputed data averages and the averages 
of observed data 

Model 
(level of education) 

Final estimation of 
averages 

Average of missing data Relative error 

1  11707  11755 0,004 

2  11740  11769 0,002 

3  15189  15208 0,001 

5  27327  27113 0,008 

6  44184  44994 0,018 
 
Not only that the method does not give us a good estimation of the average, but also the rough 95% 
confidence intervals for the estimated averages are narrow, namely the deviation allowed is less than 5%.  
Again, model 6 gives us poorer result, because here a rough 95% confidence interval allows a deviation 
of almost 11% to the estimated value of the average. 
 
22. We would like to express our satisfaction regarding the result of the average estimation for the 
tertiary education model since, regarding 11% of missing values, we obtained a very narrow 95% 
confidence interval for the calculated average. In other words, the average was calculated within the 
framework of a 2% relative error. The reason for poorer results in model 6 is the nature of the data in this 
category. Namely, the data in this case are highly dispersed. Only 58 units are observed in category 6, 
and their variance from the linear regression is as high as 252862689. The problem is therefore in the 
data, which are not the most appropriate for our linear regression model. 
 
23.        In conclusion, we would like to emphasize that the method is effective, if certain conditions are 
fulfilled. The method gives weaker results when the data are less successfully described by the selected 
model. In this paper the method was tested progressively by using the SAS programme. In newer 
versions (9.2 and 9.3) of the SAS programme the method is already included in the MCMC procedure. 
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