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Purpose of This Study

Purpose of This Study

Reconsider whether it is more plausible to understand mortality
improvement in Japan asdecliningor shifting

Propose a new model (theLD model) for the adult mortality

Describe the relationship between theage-transformation approach
and thetangent vector �eld on the log mortality surfacerelated to
the LD model
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The O�cial Population Projection for Japan in 2006

The O�cial Population Projection in 2006

National Institute of Population and Social Security Research (NIPSSR) released the o�cial
population projection for Japan in 2006 that is based on the 2005 population census.

For the purpose of projecting mortality, the Lee-Carter(LC) model with age-shifting
structure, which is considered as an application of age-transformation approach, was used.

The LC model, which is now regarded as the standard method formortality projection, is
expressed by the following equation.

log � x;t = ax + k t bx

To improve the �tting of the LC model, we used an age-transformation approach.
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The O�cial Population Projection for Japan in 2006

The Lee-Carter model and the Age-transformatin

Here, age-transformation means a transformation between the two coordinates for age,
which is continuous and monotonically increasing.

Using the age-transformation, we identify two ages in di�er ent point of time.
e.g. 65 years of age in 2010 and 60 years of age in 2000.

To construct the age-transformation for the mortality proj ection, we �t the three parameter
logistic curve to the actual mortality and obtained the parameters St : the location and � t :
the slope of the curves.

Using these parameters, we performed the age-transformationA and the LC procedureL .
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Mortality Improvement: Decline or Shift?

Mortality Improvement: Decline or Shift?

Here, we reconsider whether it is more plausible to understand mortality improvement in Japan as
declining or shifting.

We consider the following 2 decline-type and 3 shift-type models.
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Mortality Improvement: Decline or Shift?

Mortality Improvement: Decline or Shift?

Here, we reconsider whether it is more plausible to understand mortality improvement in Japan as
declining or shifting.

We consider the following 2 decline-type and 3 shift-type models.

Decline-type !! Models

The Proportional Hazard (PH) Model

The Lee-Carter (LC) Model

Shift-type !! Models

The Horizontal Shifting (HS) Model

The Horizontal Lee-Carter (HL) Model

The Linear Di�erence (LD) Model

Data: Japanese Female Mortality Data from "Human Mortality Database"

(Age: 25-110+, Year: 1970-2007)
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The Proportional Hazard (PH) Model

The Proportional Hazard (PH) Model

Normal Form (Expression for the log mortality rates � x;t )

� x;t = log � x;t = ax + k t

Di�erential Form (Expression for the mortality improvemen t rates � x;t )

� x;t = �
@�x;t

@t
= �

dk t

dt
= � k 0

t
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The Proportional Hazard (PH) Model

The Proportional Hazard (PH) Model

Normal Form (Expression for the log mortality rates � x;t )

� x;t = log � x;t = ax + k t

Di�erential Form (Expression for the mortality improvemen t rates � x;t )

� x;t = �
@�x;t

@t
= �

dk t

dt
= � k 0

t

) The PH model does not exhibit good �t.
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The Lee-Carter (LC) Model

The Lee-Carter (LC) Model

Normal Form (Expression for the log mortality rates � x;t )

� x;t = log � x;t = ax + k t bx

Di�erential Form (Expression for the mortality improvemen t rates � x;t )

� x;t = �
@�x;t

@t
= �

dk t

dt
= � k 0

t bx
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The Lee-Carter (LC) Model

The Lee-Carter (LC) Model

Normal Form (Expression for the log mortality rates � x;t )

� x;t = log � x;t = ax + k t bx

Di�erential Form (Expression for the mortality improvemen t rates � x;t )

� x;t = �
@�x;t

@t
= �

dk t

dt
= � k 0

t bx

) The �t is fairly improved by using the LC model. But ...
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Comparison of the Mortality Improvement Rates (� x;t )

Comparison of the Mortality Improvement Rates (� x;t )

Most of the rates ( � x;t ) have mountain-shaped curves with peaks.

The rates under the PH model are horizontal.

The rate by the LC model has a peak like that of the actual value. However, the age
distribution of the rates is �xed, whereas the actual peaks are shifting to the right.

We could see this result as alimitation when the mortality improvement is considered as
decline.
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Inverse Function of the Log Mortality Rates

Inverse Function of the Log Mortality Rates

Considering the shift-type model for the log mortality rate is identical to considering the
decline-type model for the inverse function of the log mortality rates.

We use � y;t for the inverse function, and de�ne the force of age increaseas � y;t =
@� y;t

@t
that corresponds to the mortality improvement rate in the decline-type model.
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The Horizontal Shifting (HS) Model

The Horizontal Shifting (HS) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = ay + k t

Di�erential Form (Expression for the force of age increase � y;t )

� y;t =
dk t

dt
= k 0

t
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The Horizontal Shifting (HS) Model

The Horizontal Shifting (HS) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = ay + k t

Di�erential Form (Expression for the force of age increase � y;t )

� y;t =
dk t

dt
= k 0

t

) The HS model exhibits better �t than the PH model.
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The Horizontal Lee-Carter (HL) Model

The Horizontal Lee-Carter (HL) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = ay + k t by

Di�erential Form (Expression for the force of age increase � y;t )

� y;t =
dk t

dt
by = k 0

t by
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The Horizontal Lee-Carter (HL) Model

The Horizontal Lee-Carter (HL) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = ay + k t by

Di�erential Form (Expression for the force of age increase � y;t )

� y;t =
dk t

dt
by = k 0

t by

) The HL model seems to be improved compared to the HS model.
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Comparison of the Force of Age Increase (� y;t )

Comparison of the Force of Age Increase (� y;t )

The �t of � y;t by HL model seems to be improved compared to the HS model. However,
the improvement between the shift pair is not as large as the decline pair.

� y;t by the HL model are close to a horizontal line. Therefore, theimprovement between
the shift pair is not as large as thedecline pair.
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Comparison of the Force of Age Increase (� y;t )

Comparison of the Force of Age Increase (� y;t )

The �t of � y;t by HL model seems to be improved compared to the HS model. However,
the improvement between the shift pair is not as large as the decline pair.

� y;t by the HL model are close to a horizontal line. Therefore, theimprovement between
the shift pair is not as large as thedecline pair.

) The blue lines for the actual� y;t for each year could be more
well-modeled by alinear functionof y.
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The Linear Di�erence (LD) Model

The Linear Di�erence (LD) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = k t + ct y + ay

Di�erential Form (Expression for the force of age increase � y;t )

� y;t = k 0
t + c0

t y
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The Linear Di�erence (LD) Model

The Linear Di�erence (LD) Model

Normal Form (Expression for the inverse log mortality rates � y;t )

� y;t = k t + ct y + ay

Di�erential Form (Expression for the force of age increase � y;t )

� y;t = k 0
t + c0

t y

) The LD model �ts quite well with the actual values.
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The Linear Di�erence (LD) Model

Comparison of the Force of Age Increase (� y;t )

We can observe that the linear assumption for� y;t in the LD model works better than in
the other two models.
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Comparison of the LC and LD Models

Comparison of the LC and LD Models

Taking 0.01% as a critical value to construct the con�dence intervals (CI), we evaluated the
proportion where the log actual mortality rates are outside of the CIs for each age in the LC
and LD models.

LD's performance is considered as fairly better than LC's asa whole.

This result indicates that shift is more strongly supported as recognition of the recent
mortality improvement in Japan than decline.
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Tangent Vector Fields on the Log Mortality Surface

The vectors
� (x 0; t 0; y 0) = (0 ; 1; � � x 0;t 0 )

� (x 0; t 0; y 0) = ( � y 0;t 0 ; 1; 0)

are tangent vectors on the log mortality surface S.

Each tangent vector de�nes a tangent vector �eld on S.
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Tangent Vector Fileds and Age-transformations

The projection of the integral curve induced by the tangent vector �eld onto a X -T plane
de�nes an age-transformation.

In this way, a tangent vector �eld on S is considered as a representation of an
age-transformation.

The LD model de�nes an age-transformation through the vector �eld interpretation with a
tangent vector � .
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Conclusion

In the decline-type models, the LC model exhibits fairly better �t than the PH model.

In the shift-type models, the HL model exhibits better �t tha n the HS model. However, the
improvement between the shift pair is not as large as thedecline pair.

Noticing that the actual � y;t c could be well-modeled by a linear function ofy , we proposed
the LD model, which �ts quite well with the actual values.

From the comparison of the LC and LD models,shift is more strongly supported as
recognition of the recent mortality improvement in Japan th an decline.

A tangent vector �eld on the log mortality surface S is considered as a representation of an
age-transformation. Therefore, the LD model de�nes an age-transformation through the
vector �eld interpretation with a tangent vector �
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Thank you for your attention.
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