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l. INTRODUCTION

1. Several authors (Little and Rubin 2002, Thibaudeau 2003, Winkler 2003) propose implementing
the EM algorithm in the context of log-linear models to estimate conditional probabilities and predict
missing data in contingency tables. However, log-linear modeling remains unappealing to many. One
problem is the absence of an algebraic distinction between the dependent and independent variables in the
log-linear paradigm.

2. Anather problem is the difficulties encountered when attempting to analyse observations
generated by a complex survey in the framework of an advanced log-linear model. Complex surveys
involve elaborate variance/covariance structures. A log-linear analysis involving hierarchical structures
may reguire complex linearization methods (or the design of complicated bootstrapping/jackknifing
schemes to account for the design of the sample when estimating the variance of the estimators. The
presence of missing data just compounds the problem. Applying the EM algorithm for estimating
multinomial conditional probability in the context of a complex survey isfar from simple. Mainstream
textbooks typically only discuss completely flat designs.

3. Practitioners of all stripes may find the set-up of a simple linear regression more natural to work
with. In this set-up, the response variables and the predictor variables are clearly identified and the
causality system is explicit. In addition, complex covariance structures can easily be integrated.

4, In the paper we propose a systematic approach to estimate log-linear conditional probabilities in
the linear regression paradigm, and in presence of missing data. Thibaudeau (2002) shows how to use
such estimates to smoother discrete imputations over small geographical areas. We propose an algorithm
to produce estimates of the conditional probabilities by estimating the conditional log-odds. The log-odds
parameterization |eads to framing the estimation of the conditional probabilities in the linear regression
paradigm. It is then more natural to account for complex sample design. Our approach applies to any set
of hierarchical log-linear constraints.

! Prepared by Y ves Thibaudeau and William E. Winkler, U.S. Census Bureau (yves.thibaudeau@census.gov,
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. ESTIMATING CONDITIONAL PROBABILITIES FOR A 2X2X2X2 TABLE

5. We illustrate our approach in a simple situation. Y et this specia case is complex enough so that
extending our approach to more general situations is natural. We consider a2 x 2 x 2 X 2 contingency

table defined by four categorical variables denoted i, j, k, |. Therefore, i, j, k, | = 1,2. We posit an all-2"™
order interaction log-linear model to describe the process generating the table. In this framework, we let

U, pcq Petheconditional probabilities of i and j being equal to a and b respectively, given kand | are
equal tocand d:

Uppea = Pr(i=a, j=blk=cl=d) (1)
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6. We the set of conditional probabilities { Uapc.d }

ab.cd=1 to construct a set of log-odds

{ m, }:}le. The log-odds in this set are defined as follows:
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7. From first principles, there is a one-to-one mapping between legitimate values for the elements of

and elements of the set of log-odds { M, }12
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the set of conditional probabilities { U ;¢4 | -

a,b,c,d=1
8. To further explain our approach we express the log-odds defined in (2) in terms of a non-singular
set of conditional probabilities. The cardinality of this set is exactly the number of degrees of freedom
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underlying the set { Uapc.d } when specifying an all-2™ order interactions log-linear model.

a,b,c,d=1

Appendix A sketches an algorithm to dlicit these conditional probabilities (see also Thibaudeau 2003).
Operating our algorithm in this special situation leads to define the set

{ Qa1 ba1s G210 Aaz0 M110 21 r1,2} where

Gape = P(i=1]j=ak=bl=c)

3
o = p(i=1i =Lk =al =b) (3)

9. Again, given the all-2" interactions log-linear model, we can write the log-odds defined in (2) as
a deterministic function of these conditional probabilities. To show this we first facilitate the notation by
taking the logit transformation of each conditional probability:

= Iogit(oml’l); I, = Iogit( 02’1’1); I3 = Iogit( 01,2,1)2 |, = Iogit(qlliz)
(4)
l's = logit(ny ); 1 =logit( 1y ); I, = logit(r, )



10. Let | = [Il, o, 13,14, I5,I6,I7]t.Therangeof | is (- ¥ ,¥)7,or(-¥ ¥ ) asa
short hand. The vector of log-odds is fully characterized by | and consequently we denote this vector by
m( | ). The following linear equation formally defines m( | ) and its characterization by |_ .
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11. Proposition (5) is algebraically derived from the structure of the all-2" order log-linear mode!. It
gives a representation of the parametric log-odds as linear combinations of the logits of the conditional
probabilities elicited by our algorithm. In effect, (5) suggests expressing the observed log-odds in the

2
linear regression paradigm. |.e., to predict the conditional probabilities { Uapcd } (5) suggests

a,b,c,d=1"’
regressing the observed log odds on the parametric log-odds m( L ) . To formulate thisin a compact

format, we introduce the following shorthand for representing the observed log-odds.

&eX a&eX aX 0
= logp L 1111 = log 2111 .Y, = log 1211 -
2211g g 2211@ X2,2,1,1;'3
(6)
a&X 0 0
Y, = log 11,21 5 .. Y,, = log &X 502
g X2221 & g 2222g

12 LeY =[Y,, Yy ..., %2 ]', we propose deriving estimates of the conditional probabilities
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{ Uapcd }a,b,c, o1 through the following regression model.

Y = m(L) +y (7)

13. Yy isamultivariate error approximately normally distributed with mean zero and covariance

matrix S . The sampling plan determines the structure of S .



. WEIGHTED LEAST SQUARES FOR CONDITIONAL PROBABILITIES

2

14, So, (5) and (7) hint at estimating { Uy cq }abc i

. we first perform a weighted |east-squares
regression of Y on rp( | ) according to the model in (7). After the regression we compute an estimate

2 ~
of { Uapcd }a,b,c,dzl by substituting in (5) |, the weighed least-squares estimator of | , to obtain an
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estimate of rp( | ). Given rp( | ), an estimate for the conditional probabilities { Uapcd }a bede 1S

constructed.

15. Therefore I: , the least square estimator of |, is pivotal to implement our suggested approach.
We formally define I: to be any estimator of | such that, for any vector t in the open multivariate

interval (- ¥, ¥ )7, the following holds:
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V. MISSING DATA

16. We generalize the weighed |east-square regression described in the previous section to situations
involving missing data. Again, for simplicity, we minimally expand the special case presented in the
preceding section. The general case follows easily.

17. Suppose some units known to be in the collapsed cells defined by k= 1, | = 1 cannot be fully
cross classified because one the value of i or j is missing. We assumei and j are never missing together.
We give additional notation to formulate the linear regression in this set-up.

18. We use the customary dot notation to denote the marginal counts generated by missing i or j. For
example, xDl,l,l is the marginal count over i, given j, k, | = 1. The following definitions generalize the

expression for the observed odds to situation where missing values of i or j are present whenk, | = 1.
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Z.(a,b,d,e) = Y,; m=4,.12

19. Theparameters a , b, d, e represent weight serving to reapportion each marginal count

between the cell counts. Since the overall marginal counts must remain unchanged, the condition
1£a,b,d,e £ 1 appliesin (9).

20. To further compact the notation let:
Z(a,b.d,e) = gz(a.b,d,e),Zy(a,b,d,e),...Zp(a,b,d e)g (10)
21. The general regression model becomes

Z(a,b,d,e) = m(L) +y (11)

22, (11) hintsat regressing Z(a, b, d,e) on m( 1 ) to produce an estimate of |_ . From there,
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estimates of the conditional probabilities { Uap c.d }a bode I€ derived as before. But in this case, the

regression procedure must implicitly produce optimal value for the reapportionment parameters
a,b,d,e.

23, Inthecontext of regressing Z(a, b, d,e) on m( 1) with respect to all the parameters

involved, we define an optimal class of estimatorsfor | . We call it the class of “general weighted least-
squares estimators” (the class of GWLSE).

24, Weuse | " to denote any GWLSE for | . A specific |~ takes the form of aweighted least-
squares estimator, as when there are no missing data. But it also minimizes the sum of squares with

respect to the reapportionment variables a , b, d, e . A formal definition for |~ follows

25. I~* isaGWLSE for | if there exists a ,b’,d ,e suchthatfor any -¥ <t <¥ andany
0 <g,h,i, k <1,thefollowing holds:



gz(a*,b*,d*,e*) - r~n(l~*) tS'lg'.z(a*,b*,d*,e*) - m(lf)
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26. Recall the EM algorithm implicitly computes estimates of parameters equivalenttoa , b, d, e.

These estimates are obtained through formal repeated E-steps —i.e. conditional expectation steps. While it
does not integrate aformal E-step, our approach is in effect a specia case of the EM algorithm.
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